Abstract. Let K be an algebraically closed field of characteristic zero and R = K[x1, x2, ...xn] the polynomial ring in n variables over K. We study bases of the free R-module Wn(K) of all K-derivations of the ring R, such that their linear span over K is a subalgebra of the Lie algebra Wn(K). We proved that for any Lie algebra L of dimension n over K there exists a subalgebra L of Wn(K) which is isomorphic to L and such that every K-basis of L is an R-basis of the R-module Wn(K).
Introduction
Let K be an algebraically closed field of characteristic 0 and W n (K) the Lie algebra of all K-derivations of the polynomial R = K[x 1 , x 2 , ...x n ] in n variables over K. The structure of the Lie algebra W n (K) and its subalgebras was studied by many authors (see, for example, [1, 3, 7] ). One of the most important problem here is the question about structure of finite dimensional subalgebras of W n (K). The description of all such subalgebras in W 1 (K) and W 2 (K) in case of the field K = C of complex numbers can be easily obtained from the works of S.Lie [4] . There is no such a description for the Lie algebra W n (K), n 3, so it is of interest to study some classes of finite dimensional subalgebras of the algebra W n (K).
Define one of such classes in the following way: a subalgebra L of W n (K) of dimension n over K will be called basic, if every basis of the algebra L over K is a basis of the R-module W n (K). It is obvious, that the Lie algebra K
, ... ∂ ∂xn is abelian and basic. All abelian basic Lie subalgebras in W n (K) are described in [5] (see also [6] ): let f 1 , f 2 , ...f n ∈ R such that det J(f 1 , f 2 , ...f n ) ∈ K * , where J(f 1 , f 2 , ...f n ) is the Jacoby matrix of polynomials f 1 , f 2 , ...f n ∈ R. Then the derivations D 1 , . . . , D n ∈ W n (K) defined by the conditions D i (h) = det J(f 1 , ...f i−1 , h, f i+1 , ...f n ) for any h ∈ R pairwise commute and form a basis of the R-module W n (K). Conversely, every basis } from W 2 (K) is basic and non-abelian. The main result of the paper, Theorem 2, shows that every Lie algebra of dimension n over K is isomorphic to a basic subalgebra in W n (K). In Theorem 1, all nilpotent basic subalgebras of the Lie algebra W n (K) are characterized.
We use standard notation in the paper (see, for example, [6] 
∂a ij ∂x j and traces tr(adD i ) = 
Define the elements b ij from the equations
Using commutativity of the standard basis, we get:
for any p, q = 1, . . . , n.
Observe that
∂b pj ∂xq D j . If we combine this with (2), we have the relation 
It is easy to see that
Combining this with the decomposition
The derivations {D 1 , D 2 , ...D n } are linearly independent over R, therefore we have relation (1) . This completes the proof of the first part of our statement.
To prove the second part of the Lemma we define elements b ij by the next relations:
Suppose the elements c k ij satisfy relations (1). We have
..D n } is a basis of the R-module W n (K). By the first part of this Lemma the elements γ k ij satisfy the relations (1) , that is,
The system (1) can be regarded as a linear system in n 3 variables c k ij . This system can be decomposed into a direct sum of n linear systems:
Let us prove that the system (3) has a unique solution. It is easy to see, that this system has the following matrix 
Because this matrix is obviously the tensor square
Therefore, the system (3) has the unique solution
Now let L be an arbitrary n-dimensional Lie algebra over the field K. Take a basis {l 1 , . . . , l n } of algebra L and denote by c k ij the structure constants of L in this basis, that is
It is well known that the tensor product R ⊗ K L of an associative and commutative K-algebra R and the Lie algebra L is a Lie algebra over the field K. Further, we will always denote by R the polynomial algebra K[x 1 , . . . , x n ]. Since the elements of the algebra R ⊗ K L are of the form
. . , n, the tensor product R ⊗ K L is a free module of rank n over the ring R. The elements {1 ⊗ l 1 , . . . , 1 ⊗ l n } form obviously a basis of this module. Using the multiplication law in L, we get the equality
It is easy to see that the map f → ∂f ∂xp is a derivation of the Lie algebra R ⊗ K L (we will denote this map also by 
Remark 1. Let L be a basic subalgebra of the Lie algebra W n (K). Then the equations (1) are equivalent to the following relations in the Lie algebra L:
∂ ∂xq = 0, we can rewrite relations (5) as the following relations in the Lie algebra L
Let L be a nilpotent Lie algebra over the field K with dim
. . , n and consider the Lie algebra L constructed in such a way as it was mentioned above. The structure constants of L in the basis {l 1 , . . . , l n } satisfy the relations
Since the Lie algebra L is nilpotent, the tensor product R ⊗ K L is also nilpotent. Then for any element w ∈ R ⊗ K L the inner derivation adw of the Lie algebra L is nilpotent. We collect some properties of the Lie algebras R ⊗ K L and L in the following Lemma.
Lemma 2. Let L be a nilpotent Lie algebra of dimension n over the field K.
then the set of elements
is well defined and is an endomorphism of the R-
is the sum of the identity and a nilpotent endomorphisms, the map ϕ is an automorphism of the free
It is easy to see that the set of elements { ∂w ∂x 1 , . . . , ∂w ∂xn } is a basis of the R-module R ⊗ K L. Since the map ϕ defined above is an automorphism of the R-module R ⊗ K L, the set of elements b p = ϕ( ∂w ∂xp ), p = 1, . . . , n is the basis of this module. Therefore
(2) Let L be a basic Lie subalgebra of W n (K), such that L is isomorphic to a nilpotent Lie algebra L with a basis {l 1 , l 2 , ...l n }, satisfying the relations (7) , let D i be the images of the elements l i by this isomorphism. Write down
..w n ) ∈ K * and the following equalities hold:
(the number of nonzero summands in this series is finite because the Lie algebra R ⊗ K L is nilpotent).
Proof.
(1) Let L be a nilpotent Lie algebra over the field K of dimension n and {l 1 , l 2 , ...l n } be its basis such that the structure constants c k ij satisfy the relations (7). We will construct b ij ∈ R, i, j = 1, . . . n, which satisfy relations (1) and have property det(b ij ) n i,j=1 ∈ K * . If we consider the Lie algebra L, then by Remark 1 the conditions (1) are equivalent to the conditions (6) 
Take an arbitrary element w =
. . n, where as usually (adw) 0 = E is the identity operator. Note, that the relations
hold in the Lie algebra L for p = 1, . . . , n. Therefore, we have the following equalities in the Lie algebra L:
(we took into account that e adw is an automorphism of the Lie algebra L and ∂ ∂xq , ∂ ∂xp = 0, p, q = 1, . . . , n). Thus, we have elements (5), then these elements satisfy also the equations (1).
Take any element w of R ⊗ L such that det J(w) ∈ K * , for example, 
which is isomorphic to L. This completes the proof of part (1).
(2) Take any elements
of R ⊗ K L satisfying the relations (6). We will build an element 
n i,j=1
Since m 1 is the number of the first nonzero column of B, we have b pi = 0 for i < m 1 , p = 1, . . . n. On the other hand, if i m 1 , then c k ij = 0 by (7) (because L is nilpotent). Hence (9) is equivalent to the equations 
and therefore it holds
Denote by d pi the coordinates of the element 
, n < p 2n and b 2n+1 = 1 ⊗ l 2n+1 . It can be easily shown that det(b ij ) = 1. Passing to the inverse matrix B −1 to the matrix B = (b pi ) n p,i=1 one can easily show that the linear span over K of the following derivations is a basic subalgebra of W 2n+1 (K) which is isomorphic to H n :
, 1 i n,
On the solvable basic Lie subalgebras
Some known properties of finite dimensional Lie algebras and modules over them are collected in the next Lemma.
Lemma 3. Let L be a finite dimensional Lie algebra over an algebraically closed field of zero characteristic and let H be any its Cartan subalgebra. 
Proof. Let H be any Cartan subalgebra of L. Take a basis {l 1 , . . . , l n } of L with the following property:
i! (ad w) i−1 from the R-module R ⊗ K H to itself (since H is nilpotent, the sum is finite). By Lemma 2, φ is an automorphism of the R-module R ⊗ K H.
is an ideal of the algebra R ⊗ K H, the map ad w saves the submodule
. . , k and consider the automorphism θ = exp ad w of the algebra H. Then we get for p = 1, . . . k:
It follows from this that 
It is easy to see, that for p = k + 1, . . . n it holds
Hence, the relations
hold for p = k + 1, . . . n. Since d p = 0 for p = k + 1, . . . n, we get
Thus,
Therefore, by Lemma 1 there exists a basic subalgebra of W n (K) which is isomorphic to L.
4.
The main theorem Lemma 4. Let L be n-dimensional Lie algebra over an algebraically closed
(Because of nilpotency of ad b, the number of nonzero summands in this series is finite).
Denote
It is easy to see that φ is an automorphism of the free R-module R ⊗ L (see Lemma 2) 
Now we can prove the main theorem of this paper.
Proof. By Proposition 2 we may assume that L is not solvable. Let S = S(L) be the solvable radical of L, and L = L 0 ⋌ S be the Levi decomposition of L, where L 0 is a semisimple subalgebra of L. Let H 0 ⊆ L 0 be a Cartan subalgebra of L 0 and let L = N − ⊕ H 0 ⊕ N + be the corresponding triangular decomposition for some choice of simple roots. Denote by B 0 the Borel subalgebra B 0 = H 0 +N + of L 0 . Then the subalgebra L 1 = S+B 0 is solvable, therefore by Proposition 2 there exists a basic subalgebra of W k (K), which is isomorphic to L 1 , where k = dim L 1 . Since L = L 1 + N − , L 1 ∩ N − = {0}, and the subalgebra N − acts nilpotently (by multiplication) on the L 0 -module L (see Lemma 3), there exists by Lemma 4 a basic subalgebra L of W n (K) such that L is isomorphic to the Lie algebra L.
Example 2. Let L = sl 2 (K) and {E, H, F } be its standard basis over K. We shall construct a basic subalgebra of W 3 (K), which is isomorphic to L. As the Cartan subalgebra H of L is one-dimensional, the basic subalgebra − ∂ ∂x 1 of W 1 (K) is isomorphic to H . To the element H ∈ L corresponds the element 1 ⊗ H in the Lie algebra L (see the Remark 1). The subalgebra N + has obviously generators E and [H, E] = 2E. Put w = x 2 ⊗ E. Then, using the inverse matrix to the matrix of these elements, we get a basis of W 3 (K). The linear span of this basis over K is isomorphic to the Lie algebra L = sl 2 (K):
Remark 2. Since the set of all linear homogeneous derivations of W n (K) form a Lie algebra, which is isomorphic to gl n (K), there are embeddings of any n-dimensional Lie algebra L without center into W n (K). But for the image L of L by such an embedding in W n (K) and a basis {D 1 , . . . , D n } of L such that D i = n j=1 f ij ∂ ∂x j , the determinant det(f ij ) is not a constant.
Therefore L is not a basic Lie subalgebra of W n (K).
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